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Abstract 



We consider the quantum nonlinear Schrodinger equation in one space and one time dimension. 
We are interested in the non-free-fermionic case. We consider static temperature-dependent cor- 
relation functions. The determinant representation for correlation functions simplifies in the small 
mass limit of the Bosc particle. In this limit we describe the correlation functions by the vacuum 
expectation value of a boson-valued solution for Maxwell-Bloch differential equation. We evaluate 
long-distance asymptotics of correlation functions in the small mass limit. 
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1 Introduction 



In this paper we consider correlation functions of exactly solvable models. Our approach is based 
on the determinant representation of quantum correlation functions [Q] . We consider the thermody- 
namics of Bose gas with delta-interaction at finite temperature T > 0. The one dimensional Bose 
gas with delta-function interaction is described by the canonical Bose fields ■iIj{x) and 'ip^{x) with 
the commutation relations : 

[ij{x),ij+{y)]=6{x-y), [V'(x), V(y)] = [^+(x), V'+Cy)] = 0. (1.1) 

The Hamiltonian of the model is 

f / 1 d d \ 

H= dx { —^p^ (x)—-ip(x) + (x)'ip~^ (x)^(x)'ip(x) — h-ip^ (1-2) 

J \ 2m ox ox J 

where m > is the mass, > is the coupling constant and /i > is the chemical potential. The 

Hamiltonian H acts on the Fock space with the vacuum vector \vac). The vacuum vector \vac) is 

characterized by the relation : 

^(x)|vac) = 0. (1.3) 

The dual vacuum vector {vac\ is characterized by the relations : 

{vac\ip~^ (x) = 0, {vac \ vac) = 1. (1-4) 

The corresponding equation of motion, 

i^^4;=[^,H]=-^-^il; + 2g^l;+^P2P-h,p, (1.5) 

is called the quantum nonlinear Schrodinger equation in one space and one time dimension. The 
quantum field theory problem is reduced to a quantum mechanics problem. It is well known that in 
the particle sector the eigenvalue problem H\ipj\f) = EnItP^) , is equivalent to the one described 
by the quantum mechanics body Hamiltonian : 

1 ^ ^2 

Hn = -^T.q^ + ^9 E S{z,-z,)-Nh. (1.6) 

j=l j i<j<k<N 

E.H. Lieb and W. Linger Q solved the eigenvalue problem H^ipN = Ejqipjq. They constructed the 
eigen-functions t/^at = V'Af(-zi> ■ ■ ■ ■, zn\^i-, • • • , ^n) by means of the Bethe Ansatz. The eigen-function 
ipN = TpNizi, • • • , ZAr|Ai, • • • , Xn) depends on the spectral parameter Ai < • • • < Xn- The spectral 
parameters Ai < • • • < A^r are determined by the periodic boundary conditions : 

iPn{zi, ■■■ ,Zj + L,-- • ,2;Ar|Ai, • • • , Aat) = iPn{zi, ■■■ ,Zj,-- • ,^Ar|Ai, • • • , Aat), (1.7) 
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which amounts to the Bethe Ansatz equations : 

k=i ^j- ^k- 2img 

Here L > is the size of the box. The eigenvalue of the Hamiltonian i/^v is given by 

N 



.7 = 1 



E.H. Lieb and W. Linger Q, discussed the zero temperature thermodynamic hmit. The ground 
state and its excitations are described by hnear integral equations. C.N. Yang and CP. Yang [Q] 
discussed the finite temperature thermodynamic limit. The state of thermodynamic equilibrium is 
described by non-linear integral equations. The density of particles Pp{X) and the density of holes 
/9/i(A) are described by the following non-linear integral equations : 

/oo 
K{X,fi)pp{^,)dfi, (1.10) 
-oo 

N 

D = -= pp{p)dfi, (1.11) 



L 

k2 



oo 



eiX) = ^-h-^J_KiX,,)ln{l + e'-^)dp, (1.12) 

where T > is temperature and I? = ^ is the density of particles. Here the functions e(A) and 
PtiX) are defined by 

^ = e^, pt{X) = pp{X)+p,{X). (1.13) 
The integral kernel K{X, p) is defined by 

Consider the local density operator j{x) = {x)'ip{x). In this paper we consider the mean value of 
the operator : 

exp(QQ(x)). (1.15) 

Here a is an arbitrary complex parameter and Q{x) is the operator of the number of particles on 
the interval [0, x] : 

Q{x) = r iP+{y)^P{y)dy. (1.16) 

JQ 
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We are interested in the generating function of temperature-dependent correlation function defined 
by 

tr (exp ( — ^ I exp (aQ(x)) ] 

(exp {aQ{x)))T = S ^ ^- (LIT) 

tr (exp(-f jj 

The expectation value (exp {aQ{x)))T is a remarkable quantity, because a lot of interesting correla- 
tion function can be extracted from (exp {aQ{x)))T- For example the density correlation function, 



tr (exp(-f)i(x)j(0)' 
(j(^)j(0))t = ^ > ' (1.18) 



can be derived by 

- — {Qix?)T = -—- 



{j{x)jmT = i,Tr^{Q{x?)T = -TT^ ir^(exp {aQ{x)))T 



(1.19) 



a=0 

In this paper we are interested in the small mass limit of the Bose particle : 



m ^ 0, g ^ oo such that the product c = 2mg is fixed. (1.20) 

We want to emphasize that the small mass limit is not a free-fermionic limit. The scattering matrix 
of the particles Xp and is equal to 

S{Xp,Xh) = ex.p{-i6{Xp,Xh)) , Xp > Xh, (1.21) 

where the scattering phase 6 satisfying the following integral equation : 

1 /""^ .r, , ^ fic + Xp-Xh^ 



6{Xp,Xh)-— / K{Xp,fxMf,)6{f,,Xh) = i\n[-. • (1.22) 

27r 7-00 \ic-Xp + XhJ 

Here we used 

•'(A) = = ffi. (1.23) 

Therefore the small mass limit is not a free-fermionic limit. In the small mass limit we will show that 
the expectation value (exp {aQ{x)))T is described by the vacuum expectation value of a boson- valued 
solution of the Maxwell-Bloch equation [^. The plan of this paper is as follows. In section 2 we 
summarize known results of determinant representations for correlation functions. In section 3 we 
consider the small mass limit of temperature correlation functions. The determinant representation 
for correlation functions simplifies in the small mass limit. In section 4 we show that correlation 
functions can be described by the vacuum expectation value of a boson-valued solution of Maxwell- 
Bloch equation, in the small mass limit. In section 5 we evaluate asymptotics of the correlation 
functions in the small mass limit. 
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2 Determinant representation with dual fields 

The purpose of this section is to summarize the known results of determinants representation for 
temperature correlation functions j^]. First, we introduce the dual fields (pj{X), (j = 1, • • • , 4) defined 
by 

(l)j{X)=Pj{X) + qj{X), (j = l,---,4). (2.1) 
Here the fields Pj{X) and qj{X) are defined by the commutation relations : 

[PjiX),Pkifi)] = [qj{X),qk{p)]=0, [p,iX),qkifJ.)]=Hj^kiX,fi), (j, = 1, • • • , 4). (2.2) 
Here we used 

/ -1 -1 \ 
0-110 
10-11 



Hj,k{X, /i) 



ln(MA,^)) + 



/ 


-1 





1 










-1 





-1 







1 


-1 


1 


V 


-1 





1 


-1 



ln(/i(^,A)), (2.3) 



where 



The dual fields (t)j{X) commute. 



/i(A, /u) = — iX — ji + ic). 
ic 



6,-(A),(/>fc(^)] =0, (i,A: = l,---,4). 



(2.4) 



(2.5) 



We introduce the auxiliary Fock space with the auxiliary vacuum vector |0). The auxiliary vacuum 
vector |0) is characterized by 



p,(A)|0) = 0, (j = l,---,4). 
The auxiliary dual vacuum (0| is characterized by 

(0|(7i(A) = 0, (i = l,---,4), (0|0) = 1. 



(2.6) 



(2.7) 



We want to emphasize that the dual fields 4>j{X) {j = 1, • • • ,4) and the auxiliary Fock space can 
be written in terms of the four standard Bose fields il)j{X), ipj'ip,), (j = 1, • • • , 4) and the standard 
Fock vacuum |0) and the dual Fock vacuum (0| : 



[^l;j{X),^+{fi)]=d,,k6{X-fi), [V,(A),V'fc(M)] = [^+(A),V,+ (/u)]=0, {j,k = I,- ■ ■ A)- (2.8) 
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V^,-(A)|0) = 0, (0|#(A)=0. (2.C 



Actually, the dual fields can be realized by 

4 



/oo 

Hi^k{v,lM)i^t{v)diy, (j,fc = l,---,4). (2.10) 
1=1 

Next we prepare two integral operators Vt and Kt- The integral operator Vt is defined by 

(Vt/) (A) = r VT{X,fi)fif^)dii. (2.11) 



The integral kernel VriX^fi) is defined by product Vt(A,/u) = V{X, n)'&{p,). The first factor y(A, /i) 
is defined by 

V{X,fi) = -{t(A,^)+t(/i,A)exp(-ix(A-;u) + 0i(^)-0i(A)) (2.12) 
c 

+ exp (a + (/)3(A) + (A4(At)) (tifJ-, A) + t(A, /i) exp {-ix{X - n) + 02(A) - (p2i^J')))} ■ 

where 

i(A, fi) = 7- r)^^^^ — • (2.13) 

^ '^^ {X- fi){X- fi + ic) ^ ' 

We call the second-factor '&{X) the Fermi weight : 

m = = p.14) 

Because the dual fields (l)j{X) commute with each other, we can define the quantity det (^1 + ^Vrj. 
The integral operator Kt is defined by 

[KtI) (A) = KT{X,fi)f{fi)dfi. (2.15) 



The integral kernel Kt{X,p) is defined by Kt{X,ii) = K{X, K{X,n) is defined in ( [1.14 ). 

Now we state the results which we will use in the following sections. 

Theorem 2.1 ^ In terms of the dual fields 4>j{X) (j = 1, • • • , 4), we can express the expectation 
value (exp (^(^(a;)))^ hy the Fredholm determinant : 

(0| det f 1 + ^Vt) |0) 
(exp {aQ{x)))T = } . { ■ (2.16) 



det (l - ^Kt 

Here the symbol det ^1 + -^Vt^ represents the Fredholm determinant corresponding to the following 



Fredholm integral equation of the second kind: 



l + ^VT]f]{X)=g{X), forXei-^,^). (2.17) 
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The denominator det ^1 — ^Kxj represents the Fredholm determinant corresponding to the follow- 
ing Fredholm integral equation of the second kind : 

1 - ^i^r) /) (A) = <7(A), /or AG (-00,00). (2.18) 
3 The small mass limit of the Bose particle 

In this section we wih show that at the smah mass Umit : m — > 0, g — > 00, such that c = 2mg is fixed, 
a simphfication occurs. As explained in the Introduction, the scattering matrix depends on the 
product c = 2mg, not just on g. Therefore the hmit of small mass is not a free-fermion limit. We 
want to emphasize this point. In the sequel we consider the limit of small mass. First we evaluate 
the solution of the Yang- Yang equation. 

This is done following [Q]. 

Lemma 3.1 In the small mass limit of the Bose particle, a solution of the Yang-Yang equation 



(3.1) is evaluated as : 



\2 

e{X) = — -h + 0{yM). (3.2) 
2m 



Proof In 0] C.N. Yang and CP. Yang derived the following inequalities. 



7^-/i>e(A) > ^ + xo, (3.3) 
zm 2m 



where xq is defined by the integral equation : 



27r 



00 



00 



K{0,fx)ln(l + e ^2™+"°) 



xo = ^h-—l K{0,n)ln[l + e 'A^™ ' "J]du. (3.4) 



The existence of xo is proved in Q. Let us change the integration variable to = ^^m ' limit 
of small mass, ^/cg tends to 00. Therefore we obtain : 

xo = -h- - r ^ ^ , In (1 + e-»('-'+-'°)) d,y (3.5) 

= -h + xo-- r , ^ , In (e*^'o + e-^"') dv (3.6) 



T 1 



r j ln(l + e-^('^'+^«)) dz^ + 0(m). (3.7) 
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When we assume |xo| oo, this contradicts to (^). Therefore we can assume that |xo| is bounded. 



Therefore, from the equation (3.7), we can deduce xq = —h + 0(-^/m). 



□ 



^From lemma 3.1, we can evaluate the Fermi weight 'd{X). The Fermi weight ??(A) has a very 
sharp maximum at A = 0, from which it decreases to very fast. Therefore a simplification occurs. 
First we consider the dual fields. In the sequel we consider the case that the spectral parameters are 
restricted to A,/i ~ O(-ym). We observe the simplification of the commutation relations : 



/ -1 

1 

1 -1 

V 1 -1 

Therefore we can identify pairs of fields : 



-1 \ 
1 


J 



-{fi-X) + 0{m). 
c 



(3.8) 



Pi(A) = -P2(A), P3(A)=P4(A), 
9i(A) = -g2(A), q^W = g4(A), 
0i(A) = -hW, 03(A) = <A4(A). 



(3.9) 
(3.10) 
(3.11) 



Furthermore, because the first term of the commutation relation ( |3.8D is a linear function of the 
spectral parameters, we can choose a representation of fields such that (pjiX) are linear functions of 
the spectral parameter A : 

^j{X) = ^j{0)+<P'j{0)X, 0,(0) =p,{0)+qj{0), ^'j{0)=p'j{0)+q'j{0), {j = 1,3). (3.12) 

Here the commutation relations are : 



\pj{0),qkm = = \p'j{0),q'f,m, {j,k = 1,3), 



(3.13) 



[p'i(o),g3(o)] = l = -\p',m,Qim], b3(o),gUo)] = I 

The actions on the auxiliary vacuum are : 



-[Pi(0),'?^(0)]. 



Pi(0)|0) = P3(0)|0) = p;(0)|0) = p'3(0)|0) = 0, 
(Oki(O) = (01^3(0) = (OI^UO) = (0|g^(0) = 



(3.14) 



(3.15) 
(3.16) 



Furthermore we arrive at the following formula. 
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Theorem 3.2 In the small mass limit of the Bose particle, the expectation value of the Fredholm 
determinant simplifies as follows: 

(0| det (l + ^Vt\ |0) ^ (0| det (l + VoA |0). (3.17) 



27r 

Here the symbol Vq^t is the integral operator defined by 

{Vo,Tf) (A) = r Vo,T{X,^l)f{p)d^i, (3.18) 



where the integral kernel is defined by product 

' - l\ si 



V.,HA,.) = ^-^] M^,„ f 'i^i , , (3.1.) 



where 



M^,P) = Y:^^- (3.20) 



Here we used the abbreviations: 



a = a + Op + Uq, X = X + Xp + Xg, (3-21) 
ap = 2p3{0), aq = 2(73(0), Xp = -ip'M, Xq = -iq'M- (3.22) 



(3.23) 



The commutation relations and the actions on the auxiliary vacuum become: 

- 1 _ 2 . 1 _ 2 

[XpjOiql — , [Q.p,Xq\ — , 

c c 
Xp|0) = = dp|0), {0\xq = = {0\aq. (3.24) 

The dual fields a and x commute with each other, [a,x] = 0. 



Proof. From lemma 3^, the Fermi weight 19(A) has a very sharp maximum at A = and 
decrease to very fast. When we consider the integral operator Vt, we can restrict our consider- 
ation to the case of the spectral parameters A,^ ~ 0{^/rn). Therefore we can use the above dual 
fields simplification. We can identify four dual fields to two dual fields, which are linear in the 
spectral parameters A, /i. Furthermore, since the relations [^3(0), 4>i[X) — 4>i[^j)] = 0, [^3(0), 4>i[X) — 
= ™d (0193(0) = 0, ^3(0)10) = hold, we can drop ^3(0), ^3(0) in the expectation value 
(0| det (^1 + 27r^) |0)- Next we perform a similarity transformation exp (§A(a;-i(/);(0))) which 
leaves the Fredholm determinant invariant. Finally we substitute the Fermi weight 'i?(/x) by the 
modified Fermi weight -Oq ( ^2mT ' t)' desired formula. □ 
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The denominator of the expectation value (2.16) becomes the following : 



detl^l-i-Kr) =1-^ d(^)^ + 0(m), (3.25) 

where we used 

/oo 
Mf^,(^)df^- (3.26) 
-oo 

The density D can be written as : 

N r°° 1 1 
D = -= pp{fi)dfi = — / r^^df, + 0{m). (3.27) 

1 + e 

Therefore we can write 



det (l - ^Kt) =1--D + 0{m). (3.28) 

\ ZTT / C 

Therefore we arrive at the simplified formula for correlation functions. 

Corollary 3.3 In the small mass limit of the Bose particle, the temperature correlation function 
simplifies as follows : 

(exp (aQ(x)))T ^ (0| det (l + Vb,r) |0) [\ + -B^ . (3.29) 
Here D = ^ is the density of the thermodynamic limit. 

4 Maxwell-Bloch differential equation 

In this section we consider the differential equation for the temperature correlation function in 
the small mass limit of the Bose particle. In the small mass limit, the Predholm determinant 
det (l + Vo.t) is a r-function of the Maxwell-Bloch equation, taking values in a commutative sub- 
algebra of the quantum operator algebra. It is easily seen that after introducing new variables, the 
auxiliary field y and the scaled chemical potential /?, 



y = y + yp + yq, y = ]J —X, yp = ]l —xp, yq = ]l —xq, 13 = -, (4.1) 

the Fredholm determinant det ^1 -|- Vq^t) can be rewritten, after the corresponding change A 



A 



V2mT 



of the spectral parameter, as 



det (l + Fo.t) = det (l - 7^^) | i_p^ • (4.2) 
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We want to emphasize that y is an operator in the auxihary space. The integral operator W is 
defined by 

(wf){X)= r W{X,is)f{is)df,, (4.3) 
where the integral kernel W{X,fi) is given by 

WiX,,) = '^^^M,,^)- (4.4) 
X — fi 



The algebraic structure of the Fredholm determinant det (^1 — jWj _ i_exp(a) has been investigated 
in the context of correlation functions for the impenetrable Bose gas ||l|. It is convenient to introduce 
the function a defined by 

a {y, P, a) = In det (l - w) |. . (4.5) 

The operator a satisfies the Maxwell-Bloch equation in the case that y and d are real numbers 
In our case, y and d are quantum operator, but due to the fact that they commute with each other, 
we can follow the derivation in |^]. Therefore we arrive at the following results. In the sequel we use 
the following operator-derivation notation : 



(4.6) 

z=y 



where F = F{z) is a function of z. 



Proposition 4.1 The operator a{y,P,a) = In det ^1 — 7^^^ i-cxp(a) obeys the following non- 

^ 7r 

linear partial differential equation : 

with the initial conditions : 

a = -l^—^d{l5)^ y - (^i-^d(/3) j ^ + 0(y=^), (4.8) 
lim cj(y, /?, d) = 0, (4.9) 

P^—oo 



where the scalar function d{(3) is defined in ( 3.2C ). 



This initial data fixes the solution uniquely. The nonlinear differential equation ( [4.7D is called 
the Maxwell-Bloch equation S. Algebraically, it is known that at T = the operator a depends 
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only on product of variables yy/j3 Q. We set r = yy^ ~ v 2 
T = for the operator 



■. Equation (4.7) is rewritten at 



d / 
(r) = r— Indet (1-7!^ 



as 



dao 



dT 



dao 



1 — cxp(q:) 



4 r- do 4t— + — 



4cJn 



(4.10) 



(4.11) 



This ordinary differential equation is the fifth Painleve equation in 0]. Actually, rewr iting (pl| ) m 
terms of the function yo{T) defined by 

(4.12) 



.o(r) = -4.™o(r) + ^(.o(r) - l)^ no(r) ^ ''^'^^^^ " 



yo(r)^"^^^ ^' ^ 2(yo(r)-l)2 

we can get the famihar formula of the fifth Painleve differential equation for the function w(r) 

yo (i) : 

d'^w 



dT^ 



dw\'^ 3w — 1 2w{w + l) 2iw 1 dw 
dr ) 2w(w — 1) w — 1 T T dr 



(4.13) 

i-cxp(<i) ■ By means of the Riemann- 



Next we derive the asymptotics of a{y, (5, a) = In det {l — ^W^ 
Hilbert method, asymptotics of a are derived for the case when y and d are real number [||]. The 
idea of the Riemann-Hilbert method is due to Professor A.R. Its. In our case, y and a are quantum 
operator, but due to the fact that they commute, we can follow the derivation in Q. We arrive at 
the following asymptotics. 

Proposition 4.2 The asymptotics of the operator a{y, (3, a) for large y become as follows : 



a{y,P,d) 



-y C{P,a) + 



1 fdC{b,a) 



db + 



1 



(e-" - If 



;ri(d)4 |a(Ai(d),d)|4 
1 



db 

-4ri (a) sin y 



(4.14) 



X 



\sm ipi(a 



+ cos {4:yri{a) cos (pi{a) — 4 arga(Ai(Q;), d) — 4(/9i(q)} 



Here we set 



C{(3,a) = - 

IT 



00 V e" + 



dn, 



Ai(a) = + /? + vTi, ri{a) = |Ai(a)|, ipi{a) = argAi(a), 



a(A, a) = exp ■ 



2m 



dfi 
fj, — \ 



In 



l + e'^ 



(4.15) 
(4.16) 
(4.17) 
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5 Evaluation of the mean value 



In this section we evaluate the vacuum expectation value of the operator det 
for y = y^^x — > +00. ^From Corollary |4.2| , we deduce 



1— cxp(a) 



(0| det(l-W)|._ i-e.p(.) |0) 

{0\A a) e-^^^'^^y + B {(3, a) e-{^(/3.°)+4n{&)sm^i(a)}y 

+ G (/?, a) e{-^('3.")+4iAi(<i)}y + jj (^^ ^) g{-C{/3,a)-4iAna)}y|Q^ 



Here we set 



BiP,a) 
H{[5,a) 



2 J-00 V db 

(e-°-l)2 /a(A|(a),a^^ ^ 



8ri (a)'' sin^ 931(a) Va(Ai(a),a) 
(e-" - 1)2 1 



MP, a), 



16 Ai(a)4a(Ai(a),a)4 
(e-"-l)2a(A*(a),a)4 



A{p,a), 



(5.1) 

(5.2) 

(5.3) 
(5.4) 
(5.5) 



16 A*(a)4 

where C{P,a),Xi{a),ri{a),ipi{a) and a(A,a) are defined in (|1|), (|1|) and (p^ ). A|(a) is the 
complex conjugation of Ai(a), i.e. 



Ai(a) = \/a + P — TTi. 



(5.6) 



H{P,a) is the complex conjugation of G(/3, a). 

In this section we evaluate the right-hand of the above vacuum expectation value. For the 
reader's convenience we summarize the commutation relations of the quantum operators : 



y = y + yp + yq, y 



a = a + Op + aq, (3 



I niT 



yp 



I niT 



'Xpi yq 



I mT ^ 



\j2raT 

[yp,ag] = — = [ap,yg], yp|0) = = ap|0), (0|yg = = (0|dq. 

The following Proposition is the key to calculating the vacuum expectation value. 
Proposition 5.1 The following asymptotic formula holds at large y +00 .• 



(5.7) 
(5.8) 

(5.9) 



(0|eS^(°)F(a)|0) = F f a + ^^^E{a)] e^^(-) + 



(5.10) 



Here E{a) and F{a) are meromorphic functions of a. 
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Proof. In this proof we use the following abbreviations : 



S = — —, Ao + Aiaq + A2dq'^ + --- = E{a + aq). (5.11) 

First we expand the exponential function and use the relations {0\yq = 0, ap\0) = and [Ap, aq] = 0. 
We obtain 



(e.^;.) := (0|F(d) exp {y£;(d)} |0) = (0| J2 -,{y + VpTiEia + aq)rF{a)\0). (5.12) 

Oil. 

We expand 

{E{a + aq))"" = {Ao + A^ocq + A^dq"" + ■ ■ •)", (5.13) 
and using the commutation relation : 

(0|[/(yp),a,1 = <^'(0|/('^)(yp), (5.14) 

we obtain 

^ n! ^ T"^ j_ mn\mi\m2\ ■ ■ ■ 

mj>0 

^ ^^i+2m2+3m3+-^(^^|0) (5.15) 



n! 

i!mi \m,n\ ■ ■ • 



(Q| ^ ^mi+2m2+3m3+---(y _|_ ^^)n-(mi+2m2+3m3+---) 



n=0 mQ+mi+m2-{ =n u J- ^ 

mj>0 

X ^r^r-^r ■ ■ ■ - 1) • • • + 1 - (^^1 + + + • • •)) (5_ig) 

Using the relation 

1 / n(n-l)---(n-fc + l) _ 1 

2^,17 tr^-k+i"^^- n\ ~ {n-k)V ^^-^^^ 

we can factor as follows : 



n=0 

Using the relations : 



„=o— " \ - y + Vp (y + Vp) 

(0|E^/7(^^^^^)"n«)|0) + --- for y^+oo. (5.19) 



^ - 1 + 2 + ^2 + ^3 + f{z) = ^(fl^dt, (5.20) 



1 — 2; 27ri J t — z 
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we get the following : 



{e.v.) = {0\-, 



-F(a)|0) + • • • = {0\e'^"^y+y^'^F{a)\0) + 



2m J t-Ao{y + yp) 
Using the relation e^Be~^ = e"'^*^"^)(i?), we obtain 

Therefore we can drop the quantum operators in the expectation value. 



(5.21) 



\0) + ... = e 



(5.22) 



+ •••. (5.23) 



Here we have used the relations {0\aq = = ap|0), yp\0) = 0. 
Because the exponential of derivation is a shift operator : 

e'"^^fiz) = fiz + w), 



(5.24) 



we arrive at ( ^.10 ) 



□ 



Now, we arrive at the following theorem. 



Theorem 5.2 The leading terms of the asymptotics of the expectation value behave exponentially 
as follows. 



(0| det (l - W 
A ( R 

A\ f3,a 



l-exp(a) |0) 



(5.25) 



+ B (/3,a- ^:^^{C(/?,a) +4ri(a)sin(/.i(a)} ) e-^C(i3,c.)+ir,(o.)svc.^,{o.)}y 



+ H\(3,a + 



c 

V2mT 
c 

V2mT 



Here A{P,a),B{(3,a),G{(3,a) and H{P,a) are defined in (5^), (-5^), (5^) and l \5.3^) 



Proof Applying Proposition 5.1 to (^.1|), we arrive at the result. □ 
When we consider c = oo, Theorem |5.2| coincides with the asymptotics results for the impene- 
trable Bose gas case |[l|. 
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Corollary 5.3 At the limit m ^ 0, g ^ oo, a; ^ oo such that c = 2mg fixed and yjrnx oo, 
the leading terms of asymptotics of the expectation value become : 



{j{^)m)T 



+ 



+ 



mT 



(5.26) 



'mT 



mT I ImT 

+ —{Gom+GrmJ^x+G^m 



+ 



mT 



I mT 



HoiP)+Hi{P)J—x + H2{P) 




I mT 



exp ^ — 4ri (0) sin (0) y 



2 A p^p|4iAi(0)W^x 



exp<(-4iA^(0)J^x>+- 



Here D = ^ is the density of the thermodynamics and (5 = ^. Here Bj{P), Gj{l3) and 
Hj{P), (j = 0,1,2) are functions of p. Hj{(3) {j = 0,1,2) is the complex conjugation of Gj{(3) (j = 
0,1,2), i.e. HjiP) = G*{j3). Explicit formulas for Bj{p), Gj{[3) and Hj{P) {j = 0,1,2) are sum- 
marized in the Appendix. 



Proof. From Corollary |3.3|, Corollary 5.3 and the relation 



(i(^)j(0))r = l-^iQi^f)T = \^ ^(exp(aQ(x)))T 



we can derive the result. For example the constant is derived by : 



a=0 



+ 



a=0 



(5.27) 



(5.28) 



□ 



V. Korepin ^ proposed a method of presenting correlation functions in the form of special series. 
This method is useful in the calculation of the long distance asymptotics. N. Bogoliubov and V. 
Korepin Q considered the asymptotics of correlation functions for the penetrable Bose gas by the 
special series method. Corollary coincides with the result of For the impenetrable Bose 
gas case (c = oo), V. Korepin and N. Slavnov [0] calculated higher order corrections and derived 
pre-exponential polynomials by the special series method. In this paper we derived pre-exponential 
polynomials for penetrable Bose gas case (0 < c < +oo) by using the determinant representation. 
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Appendix 



In this Appendix we summarize the asymptotics of the density-density correlation function. We use 



the notation given in Corollary 5.3. In the sequel, we use the following abbreviations : 



Ai = Ai(0) = y/(3 + TTi, n = |Ai| = |Ai(0)|, = argAi = argAi(O). (5.29) 
First we summarized the coefhcients of exp i — 4ri sin (^11 



— \Bo{P)+Bm\j—x + B2{fi)\\l—x\ exp^-4risin(^iW— x^. (5.30) 



The functions B,j{(3) are given by 



B,{I3)=B^{P)[1 + -D], (j = 0,l,2) 



(5.31) 



where Bj{(3) are given by 



S2(/3) 



2 ■ 2 , fd{f3) , 2sinv9iy 



16r^ sin Lpi 



+ 



on 2 ■ 2 ( dil3) , 2sinv9i 

32ri sm ipi 1 

V TT ri 

2 



X B {(3, -4Ari sin 991) , 
^ ^ ^/d{/3) ^ 2sinypi 



vr 



n 



(5.32) 



X I (/5,-4Arisin(^i) 



4ri sm (^1 <! ( —— ) + — d{p) — 



\ TT J 



vrri 



TT 



(/?) 



+ ^^^^^2^(5 + cos299i)| X B(/?,-4Ari sin ifi ] 



(5.33) 



Bm = 16r?smViU + Am + ^H x ( ^ 1 (A -4An sm v^i) 



4ri sin (^1 



4d(/?) 



+ 



vr 



TT 

sin 



2 



+ A 



4ri sin (^1 f dd\ 



IT 



4 sin (^1 



(5 + cos 2ipi 



+ l^^d(/?) 
Trri 



X ( ^ ) (A-4Arisin(^i: 



(5.34) 



, ,'d(d)\ 4 sin 091 4risin(/3i / dd\ , ^, 4sin^2(i9i 1 . , 

+ 2<!(^) + ^d{(3) -^^[7^]iP) + ^ xS(/3,-4Arism(^i). 



vr 



vrri 



vr 



dp 



Here we used the abbreviations : 

^ _ V2mT 



, d{l3) 



-00 1 + e/^'-/3 



^ ^ R 



(5.35) 
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and the function B{P, a) as defined in (|5.3| ). 

Next we summarize tlie coefficients of exp < AiXiJ^^x 



mT 



Go{P)+GiiP)J^x + G2il3){\l'^x] I exphuij^x 



V 



Tlie functions Gj{f3) are given by 



(5.36) 



Gj{(3)=Gj{0)[l + -D], (j = 0,l,2) 

wliere Gj{f3) are given by 
G2{f3) = 



GiiP) 



V vr Ai 

2 



V vr Ai , 



dG 
da 
12 



GoiP) 



16A| <1 + A 



d{(3) ^ 2i 

IT Al 



d^G' 



(A4AUi) 



+ 4^1 



vr 



(5.37) 



(5.38) 
(5.39) 



(5.40) 



x,'^|(A4A,:a„ 



Here the function G(/3, a) is defined in (p.4|). Next we summarize the coefficients of exp |— 4iA]^^^^a;| : 

(5.41) 



mT 



\ 



HoiP) + ^i(/3) J^x + ^2(/3) exp -4iA^ J^x 



where A| = — vri. The functions Hj{(3) are given by the complex conjugation of Gj{(3). 

H,{P) = G*{P), (j = 0,1,2). (5.42) 
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